Abstract. Let G be a compact and connected Lie group. The G-model functor maps the category of symplectic representations of closed subgroups of G to the category of exact Hamiltonian G-actions. Based on previous joint work with Y. Karshon, the restriction of this functor to the momentum proper subcategory on either side induces a bijection between the sets of isomorphism classes. This classifies all momentum proper exact Hamiltonian Gactions (of arbitrary complexity). As a special case, the momentum proper Hamiltonian G-actions on contractible manifolds are exactly the symplectic G-representations, up to isomorphism.
The main result
Let G be a compact and connected Lie group. In order to define the model functor, we need the following. For every g ∈ G we denote by c g : G → G, c g (a) := gag −1 , the conjugation by g. We define SympRep ≤G to be the following category:
• Its objects are the tuples (H, ρ) = H, V, σ, ρ , where H is a closed subgroup of G, (V, σ) is a (finite dimensional) symplectic vector space and ρ is a symplectic Hrepresentation.
• Its morphisms between two objects (H, ρ) and (H ′ , ρ ′ ) are pairs (g, T ), where g ∈ G and T : V → V ′ is a linear symplectic map, such that
(The dimension of V ′ may be bigger than the dimension of V . In this case T is not surjective.) The composition of two morphisms is defined by
Remark. A morphism (g, T ) is an isomorphism in the sense of category theory if and only if
T is surjective (and hence bijective). In this case the inverse of (g, T ) is given by (g −1 , T −1 ).
Let ψ = M, ω, ψ be a Hamiltonian G-action. We call ψ exact if there exists a ψ-invariant primitive of ω. 1 We call ψ momentum proper iff every momentum map for ψ is proper. D ρ to be the diagonal H-action on T * G × V induced by the right translation on G and by ρ. We denote by g, h the Lie algebras of G, H and by (1.4) ν ρ : V → h * the unique momentum map for ρ that vanishes at 0. For a ∈ G and ϕ ∈ g * we denote by aϕ ∈ T a G the image ϕ under the derivative of the left translation by a. We define −1 (0) is proper. Since it is also free, the symplectic quotient is well-defined.) The left translation by G on G induces a G-action on T * G and hence on T * G×V . Since left and right translation commute, this action preserves (µ D ρ ) −1 (0) and descends to a G-action ψ ρ on Y ρ . This defines Model G (H, ρ) = Y ρ , ω ρ , ψ ρ ).
• For every g ∈ G we denote by R g : G → G, R g (a) := ag, the right translation by g, and by R g * : T * G → T * G the induced map. The map Model G assigns to every morphism (g, T ) : (H, ρ) → (H ′ , ρ ′ ) the morphism Model G (g, T ) given by (1.5) Model G (g, T )(y) := R g −1 * (a, aϕ), T v , where (a, aϕ, v) is an arbitrary representative of y. (Here on the right hand side we denote by a
The main result is the following. (As always, we assume that G is compact and connected.)
1.6. Theorem (Hamiltonian G-model functor). (i) (well-definedness on objects) The map Model G is well-defined on objects, i.e., ψ ρ is indeed an exact Hamiltonian G-action.
(ii) (well-definedness on morphisms) The map Model G is well-defined on morphisms, i.e.,
the right hand side of (1.5) does not depend on the choice of a representative (a, aϕ, v), and Model G (g, T ) is a morphism of Ham ex G . (iii) (functoriality) The map Model G is a covariant functor. (iv) (essential injectivity) The map between the sets of isomorphism classes induced by Model G is injective. (v) (morphisms) Let (H, ρ) and (H ′ , ρ ′ ) be objects of SympRep ≤G , and (g, T ), ( g, T ) be morphisms between these objects. Model G maps these morphisms to the same morphism if and only if Remarks.
• Theorem 1.6(v) characterizes the extent to which the functor Model G is faithful.
• In (vi,vii) an object (H, ρ) of SympRep ≤G is called momentum proper iff ρ is momentum proper, i.e., if every momentum map for ρ is proper.
Part (viii) of Theorem (1.6) was proved in joint work [1, 1.5 . Theorem] with Y. Karshon. The other parts will be proved in the next section. The proof of (iv) (essential injectivity) is based on Lemma 2.18, which provides criteria under which the symplectic slice representation of the model action Model G (H, ρ) at a given point is isomorphic to (H, ρ). We also use the fact that if two compact subgroups of a Lie group are conjugate to subgroups of each other then they are conjugate to each other. (See Lemma 2.8 below.)
Remark. Naively, in the definition of a morphism of SympRep ≤G , one could try to weaken the condition (1.1) to either the condition c g (
With this modification the model functor would no longer be well-defined on morphisms. ("⊇" is needed in order for (1.7) to hold and "⊆" is needed for the right hand side of (1.5) 
Remarks.
• It follows from Theorem 1.6(vi) [1, Corollary 8.4 ].
• Many classification results are known for Hamiltonian group actions whose complexity is low. (By definition, the complexity is half the dimension of a generic non-empty reduced space. For references see [1] .) What makes Corollary 1.9 special is that it classifies Hamiltonian actions of arbitrary complexity.
Proof of Corollary 1.9. By Theorem 1.6(i,ii,vii"⇒",iii) the map (1.10) is well-defined. By Theorem 1.6(iv,viii,vii"⇐") the map (1.10) is bijective. This proves Corollary 1.9.
As a special case of this corollary, we obtain the following. We denote by SympRep G the category whose objects are symplectic G-representations and whose morphisms are Gequivariant linear symplectic maps (possibly not surjective), and by . By (i) this statement makes sense.
Corollary (classification of momentum proper actions on contractible manifolds). (i)
The map ι
Remarks.
• It follows from (i) and Remark 1.11(ii) that ι G,prop * is injective. Using (ii), this map is bijective.
• Part (ii) means that every momentum proper Hamiltonian G-action on a contractible manifold is symplectically linearizable.
• The statement of Corollary 1.12 means that the momentum proper Hamiltonian G-actions on contractible manifolds agree with the momentum proper symplectic G-representations, up to isomorphism. This classifies these actions.
• Assume that G is non-abelian. In contrast with part (ii) the map ι G * is not surjective. This follows from [1, Corollary 8.4 ].
For the proof of Corollary 1.12(ii) we need the following.
1.13. Remark. For every symplectic G-representation (V, σ, ρ) the map
This follows from a straight-forward argument. Proof of Corollary 1.12. (i): Let R and R ′ be isomorphism classes of SympRep G that are mapped to the same class under ι (0)). Combining these three isomorphisms, it follows that ρ and ρ ′ are isomorphic in SympRep G , i.e., R = R ′ . Hence the map ι G * is injective. This proves (i). Remarks.
• (This remark will be used in the next one.) We define SympRep G to be the category with objects the symplectic G-representations and morphisms between ρ, ρ ′ given by pairs (g, T ), where g ∈ G and T : V → V ′ is a linear symplectic map, such that (1.2) holds. The composition is defined by (1.3). We define the functor
We may view SympRep G as a full subcategory of SympRep ≤G via this functor. We define the map
A straight-forward argument shows that this map is a covariant functor.
• Part (i) of Corollary 1.12 can alternatively be deduced from Theorem 1.6(iv) as follows. Let R, R ′ be isomorphism classes of SympRep G that are mapped to the same class under ι
are isomorphic. Hence by Theorem 1.6(iv) there exists an isomorphism (g, T ) in
This shows that ι G * is injective, i.e., part (i) of Corollary 1.12.
• A straight-forward argument shows that the map I G :
This means that for every morphism (g, T ) :
commutes, and that I ρ G is an isomorphism for every object ρ of SympRep G . In other words the map Model G (g, T ) is given by
Proof of Theorem 1.6(i-vii)
For the proof of Theorem 1.6(i) we need the following. We denote by Ad and Ad * the adjoint and coadjoint representations of G. We define the map
This is a momentum map for the lifted left-translation action of G on T * G. We denote by pr 1 : T * G × V → T * G the canonical projection. Since left and right translations commute, µ L is preserved by the lifted right translation action of
Proof of Theorem 1.6(i). The map µ ρ is a momentum map for ψ ρ . Hence ψ ρ is a Hamiltonian action, and therefore Model G is well-defined on objects, as claimed.
For the proof of Theorem 1.6(ii) we need the following. 
is a Hamiltonian action with momentum map
where ν ρ ′ is as in (1.4) . By (1.2) ρ ′ leaves the image T (V ) invariant and T is a symplectic embedding that is equivariant w.r.t. ρ and ρ ′ • c g . It follows that
. The claimed inclusion (1.7) follows. We define
Let h ∈ H. By (1.1) we have h ′ := c g (h) ∈ H ′ . By (1.2) the map Φ intertwines the diagonal action of h on T * G × V with the diagonal action of h ′ on T * G × V ′ . It follows that the right hand side of (1.5) does not depend on the choice of the representative (a, aϕ, v), as claimed. We denote by
the map induced by Φ. We show that Φ is a morphism of Ham ex G . The map Φ is smooth, presymplectic, and equivariant w.r.t. the G-actions induced by the left translations on G. It follows that Φ is smooth, symplectic, and equivariant w.r.t. to the G-actions ψ ρ and ψ ρ ′ .
2.4. Claim. The maps T and Φ are proper.
Proof of Claim 2.4. The map T : V → V
′ is linear symplectic and hence injective. Since V is finite-dimensional, it follows that
where · , · ′ are arbitrary norms on V, V ′ . This implies that T is proper, as claimed. We denote by (2.5)
The projection π ρ ′ is proper, since H ′ is compact. It follows that π
: T * G → T * G is proper, since it is invertible with continuous inverse. Using Remark 2.1 and properness of T , it follows that the Cartesian product map R
is compact, it follows that the right hand side of (2.6) is compact, hence also the left hand side. Since π ρ maps this set to Φ −1 (K ′ ), it follows that Φ −1 (K ′ ) is compact. This proves Claim 2.4.
Using Claim 2.4, it follows that Φ is a G-equivariant proper symplectic embedding, i.e., a morphism of Ham ex G . This proves that the map Model G is well-defined on morphisms. This completes the proof of Theorem 1.6(ii).
Proof of Theorem 1.6(iii). It follows from a straight forward argument that Model G maps the unit morphisms to unit morphisms and intertwines the compositions. Hence it is a covariant functor. This proves Theorem 1.6(iii).
For the proof of Theorem 1.6(iv) we need the following. Let G be a group, X a set, ψ an action of G on X, and x ∈ X. We denote by
2.7. Remark. Let G be a Lie group, (ρ, H) an object of SympRep ≤G , and
2.8. Lemma. Let G be a topological (finite-dimensional) manifold with a continuous group structure, N, N ′ compact submanifolds of G, and g ∈ G, such that
and N ′ is conjugate to some subset of N. Then we have
In the proof of this lemma we will use the following.
2.10. Remark (invariance of domain). Let M and N be topological manifolds of the same finite dimension, without boundary. Then every continuous injective map from M to N is open. In the case M = N = R n this is the statement of the Invariance of Domain Theorem, see [Ha, Theorem 2B.3, p. 172] . The general situation can be reduced to this case.
Proof of Lemma 2.8. We choose g ′ ∈ G, such that
and define ψ := c g ′ g : G → G. We have Since A is a connected component of N, it is closed. Since N is compact, it follows that A is compact. Therefore, ψ(A) is compact and hence a closed subset of N. It follows that ψ(A) is a connected component of N. Hence the map (2.12) connected component of N ∋ A → ψ(A) ∈ connected component of N is well-defined. This map is injective. Since N is compact, the number of its connected components is finite. It follows that the map (2.12) is surjective. It follows that N ⊆ ψ(N), and therefore, c −1
. Combining this with (2.9), it follows that c g (N) = N ′ . This proves Lemma 2.8.
Let G be a Lie group, (M, ω, ψ) a symplectic G-action, and x ∈ M.
Remark. The isotropy representation of ψ at x is by definition the map
v. This is a symplectic representation of the isotropy group Stab ψ x . In order to define the symplectic slice representation of ψ at x, we need the following remarks.
Remarks (symplectic slice representation). (i) Let G be a Lie group, (M, ψ) a smooth
G-action, and x ∈ M. We denote by g the Lie algebra of G and by
holds.
(ii) Let (V, ω) be a symplectic vector space and W ⊆ V a linear space. We denote by
the symplectic complement of W . Let (M, ω, ψ) be a symplectic G-action and x ∈ M. The form ω x induces a linear symplectic form ω x on the quotient space (2.14)
. This map is a linear symplectic isomorphism w.r.t. ω x and ω ψg(x) .
We define the symplectic slice representation of ψ at x to be the map
is given by the map (2.15). By Remark 2.13(ii) this is a well-defined symplectic representation of Stab ψ x . 2.17. Remarks (equivariant symplectomorphism, symplectic slice representations). Let G be a Lie group, (M, ω, ψ) 
(i) Since Φ is G-equivariant and injective, we have
This map is a linear symplectic isomorphism that intertwines ρ ψ,x and ρ
′ is Hamiltonian with momentum map µ ′ then µ ′ • Φ is a momentum map for ψ.
2.18. Lemma (symplectic slice representation for model action). Let G be a compact Lie group and (H, V, σ, ρ) an object of SympRep ≤G . We denote
Let y ∈ Y ρ be a point for which µ ρ (y) is central and Stab ψρ y = c a (H), for some representative (a, aϕ, v) of y. Then ρ = (H, ρ) is isomorphic to ρ ψρ,y .
Remark. The subgroup c a (H) does not depend on the choice of the representative (a, aϕ, v) of y.
2.19. Remark (momentum map). Let (M, ω, ψ) be a Hamiltonian G-action, µ a momentum map for ψ, and
Proof of Lemma 2.18. We choose a representative y := (a, aϕ, v) of y. We define
2.20. Claim.
and therefore ϕ = Ad * (g)ϕ. Hence ϕ is a central element of g * . For every h ∈ H, we have
and therefore
The inclusion (2.21) follows. This proves Claim 2.20.
We define π ρ as in (2.5), and
By Claim 2.20 this map is well-defined.
2.22. Claim. The pair a, A ρ y is a morphism from ρ to ρ ψρ,y (the isotropy representation of ψ ρ at y).
Proof of Claim 2.22. The map ι a,ϕ is a symplectic embedding. It follows that A ρ y is linear symplectic. We denote by ψ
(using that ϕ is central)
Using that ρ h is linear, it follows that 
Here in the last step we used that the map pr 1 •ι a,ϕ is constantly equal to (a, aϕ). It follows that imA Proof of Theorem 1.6(iv) . Let (H, ρ) and (H ′ , ρ ′ ) be two objects of SympRep ≤G whose images under Model G are isomorphic. We choose an isomorphism Φ between these images. We define 
. By Remark 2.17(ii) the map µ ρ ′ • Φ is a momentum map for ψ ρ . Since G is connected, the same holds for Y ρ . It follows that µ ρ ′ • Φ − µ ρ is constantly equal to a central element of g * . At y this map attains the value
which is thus a central element of g * . Hence the hypotheses of Lemma 2.18 are satisfied. Applying this lemma, the statement of Claim 2.31 follows.
Combining this claim with what we already showed, it follows that ρ is isomorphic to ρ ′ . Hence Model G induces an injective map between the sets of isomorphism classes. This proves Theorem 1.6(iv).
Proof of Theorem 1.6(v, vi, vii) . (v) follows from a straight-forward argument.
(vi): Let ρ and ρ ′ be objects of SympRep ≤G , such that ρ ′ is momentum proper and there exists a morphism (g, T ) from ρ to ρ ′ . Let Q ⊆ h be compact. Equality (2.3) implies that
The set Ad * (g)(Q) is compact. By hypothesis ν ρ ′ is proper, and by Claim 2.4 the same holds for T . It follows that ν ρ ′ • T is proper, and therefore, using (2.32), the set ν −1 ρ (Q) is compact. Hence ν ρ is proper, i.e., ρ is momentum proper, as claimed.
Let now (M, ω, ψ) and (M ′ , ω ′ , ψ ′ ) be objects of Ham ex G , such that ψ ′ is momentum proper and there exists a morphism Φ from ψ to ψ ′ . We choose a momentum map µ ′ for ψ ′ . By definition, Φ is a proper G-equivariant symplectic embedding. It follows that µ ′ • Φ is a proper momentum map for ψ. Hence ψ is momentum proper. This proves (vi).
(vii): We prove "⇒": Assume that (H, ρ) is momentum proper, i.e., that ν ρ is proper. Let K ⊆ g * be compact. We denote by i : H → G the inclusion and by i * : g * → h * the induced map. We define (2.33)
For every g ∈ G we denote by L g : G → G the left translation by g. We denote by L * : G × T * G → T * G the induced map. A is a closed subset of
Since G is compact and Ad * is continuous, the set Ad * (G)(K) is compact. Since i * is continuous and ν ρ is proper, it follows that ν −1 ρ i * Ad * (G)(K) is compact. Using that L * is continuous, it follows that B is compact. It follows that A is compact, and hence µ is compact. This set agrees with A, defined as in (2.33). We denote by pr 2 : T * G × V → V the canonical projection. The set
is a closed subset of A, hence compact. It follows that pr 2 (C) is compact. Since i * (K) = Q, we have pr 2 (C) = ν −1 ρ (Q). It follows that ν ρ is proper. This proves "⇐", and completes the proof of (vii) and therefore of Theorem 1.6 (except for (viii), which is proved in [1, 1.5 . Theorem]).
Inverse of the classifying map
The next result states that the inverse of the classifying map (1.10) is induced by assigning to a Hamiltonian action its symplectic slice representation at any suitable point. To state the result, let G be a group, X a set, ψ a G-action on X, and x ∈ X. Recall that Stab ψ x denotes the stabilizer of ψ at x. We call x ψ-maximal iff for every y ∈ X, Stab ψ x contains some conjugate of Stab ψ y . Let G be a compact and connected Lie group, (M, ω) a symplectic manifold, ψ a symplectic G-action on M, and x ∈ M. Recall that ρ ψ,x denotes the symplectic slice representation of ψ at x, see (2.16). The latter is a symplectic representation of Stab Department of Mathematics, Utrecht University, Budapestlaan 6, 3584CD Utrecht, The Netherlands E-mail address: f.ziltener@uu.nl
